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Abstract
Motivated by measurements of the flavor singlet axial coupling constant of the nucleon in po-
larized deep inelastic scattering we study the contribution of instantons to OZI violation in the
axial-vector channel. We consider, in particular, the f1− a1 meson splitting, the flavor singlet and
triplet axial coupling of a constituent quark, and the axial coupling constant of the nucleon. We
show that instantons provide a short distance contribution to OZI violating correlation functions
which is repulsive in the f1 meson channel and adds to the flavor singlet three-point function of
a constituent quark. We also show that the sign of this contribution is determined by positivity
arguments. We compute long distance contributions using numerical simulations of the instanton
liquid. We find that the iso-vector axial coupling constant of a constituent quark is (g3A)Q = 0.9
and that of a nucleon is g3A = 1.28, in good agreement with experiment. The flavor singlet coupling
of a quark is close to one, while that of a nucleon is suppressed, g0A = 0.77. However, this number
is larger than the experimental value g0A = (0.28 − 0.41).
1
I. INTRODUCTION
The current interest in the spin structure of the nucleon dates from the 1987 discovery by
the European Muon Collaboration that only about 30% of the spin of the proton is carried
by the spin of the quarks [1]. This results is surprising from the point of view of the naive
quark model, and it implies a large amount of OZI (Okubo-Zweig-Iizuka rule) violation in
the flavor singlet axial vector channel. The axial vector couplings of the nucleon are related
to polarized quark densities by
g3A = ∆u−∆d, (1)
g8A = ∆u+∆d− 2∆s, (2)
g0A ≡ ∆Σ = ∆u+∆d+∆s. (3)
The first linear combination is the well known axial vector coupling measured in neutron
beta decay, g3A = 1.267 ± 0.004. The hyperon decay constant is less well determined. A
conservative estimate is g8A = 0.57 ± 0.06. Polarized deep inelastic scattering is sensitive
to another linear combination of the polarized quark densities and provides a measurement
of the flavor singlet axial coupling constant g0A. Typical results are in the range g
0
A =
(0.28− 0.41), see [2] for a recent review.
Since g0A is related to the nucleon matrix element of the flavor singlet axial vector current
many authors have speculated that the small value of g0A is in some way connected to the
axial anomaly, see [3, 4, 5] for reviews. The axial anomaly relation
∂µA0µ =
Nfg
2
16π2
GaµνG˜
a
µν +
∑
f
2mf q¯f iγ5qf (4)
implies that matrix elements of the flavor singlet axial current A0µ are related to matrix ele-
ments of the topological charge density. The anomaly also implies that there is a mechanism
for transferring polarization from quarks to gluons. In perturbation theory the nature of
the anomalous contribution to the polarized quark distribution depends on the renormal-
ization scheme. The first moment of the polarized quark density in the modified minimal
subtraction (MS) scheme is related to the first moment in the Adler-Bardeen (AB) scheme
by [6]
∆ΣMS = ∆ΣAB −Nf
αs(Q
2)
2π
∆G(Q2), (5)
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where ∆G is the polarized gluon density. Several authors have suggested that ∆ΣAB is
more naturally associated with the “constituent” quark spin contribution to the nucleon
spin, and that the smallness of ∆ΣMS is due to a cancellation between ∆ΣAB and ∆G. The
disadvantage of this scheme is that ∆ΣAB is not associated with a gauge invariant local
operator [7].
Non-perturbatively the anomaly implies that g0A = ∆Σ can be extracted from nucleon
matrix elements of the topological charge density g2GaµνG˜
a
µν/(32π
2) and the pseudoscalar
density mψ¯iγ5ψ. The nucleon matrix element of the topological charge density is not known,
but the matrix element of the scalar density g2GaµνG
a
µν is fixed by the trace anomaly. We
have [8]
〈N(p)| g
2
32π2
GaµνG
a
µν |N(p′)〉 = CS(q2)mN u¯(p)u(p′), (6)
with CS(0) = −1/b where b = 11− 2Nf/3 is the first coefficient of the QCD beta function.
Here, u(p) is a free nucleon spinor. Anselm suggested that in an instanton model of the QCD
vacuum the gauge field is approximately self-dual, G2 = ±GG˜, and the nucleon coupling
constants of the scalar and pseudoscalar gluon density are expected to be equal, CS(0) ≃
CP (0) [9], see also [10]. Using g
0
A = NfCP (0) in the chiral limit we get g
0
A ≃ −Nf/b ≃ −0.2,
which is indeed quite small.
A different suggestion was made by Narison, Shore, and Veneziano [11]. Narison et
al. argued that the smallness of ∆Σ = g0A is not related to the structure of the nucleon,
but a consequence of the U(1)A anomaly and the structure of the QCD vacuum. Using
certain assumptions about the nucleon-axial-vector current three-point function they derive
a relation between the singlet and octet matrix elements,
g0A = g
8
A
√
6
fπ
√
χ′top(0). (7)
Here, fπ = 93 MeV is the pion decay constant and χ
′
top(0) is the slope of the topological
charge correlator
χtop(q
2) =
∫
d4x eiqx 〈Qtop(0)Qtop(x)〉, (8)
with Qtop(x) = g
2GaµνG˜
a
µν/(32π
2). In QCD with massless fermions topological charge is
screened and χtop(0) = 0. The slope of the topological charge correlator is proportional to
the screening length. In QCD we expect the inverse screening length to be related to the η′
mass. Since the η′ is heavy, the screening length is short and χ′top(0) is small. Equation (7)
relates the suppression of the flavor singlet axial charge to the large η′ mass in QCD.
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Both of these suggestions are very interesting, but the status of the underlying assump-
tions is somewhat unclear. In this paper we would like to address the role of the anomaly
in the nucleon spin problem, and the more general question of OZI violation in the flavor
singlet axial-vector channel, by computing the axial charge of the nucleon and the axial-
vector two-point function in the instanton model. There are several reasons why instantons
are important in the spin problem. First of all, instantons provide an explicit, weak cou-
pling, realization of the anomaly relation equ. (4) and the phenomenon of topological charge
screening [12, 13]. Second, instantons provide a successful phenomenology of OZI violation
in QCD [14]. Instantons explain, in particular, why violations of the OZI rule in scalar me-
son channels are so much bigger than OZI violation in vector meson channels. And finally,
the instanton liquid model gives a very successful description of baryon correlation functions
and the mass of the nucleon [15, 16].
This paper is organized as follows. In Sect. II we review the calculation of the anomalous
contribution to the axial-vector current in the field of an instanton. In Sect. III and IV we
use this result in order to study OZI violation in the axial-vector correlation function and the
axial coupling of a constituent quark. Our strategy is to compute the short distance behavior
of the correlation functions in the single instanton approximation and to determine the large
distance behavior using numerical simulations. In Sect. V we present numerical calculations
of the axial couplings of the nucleon and in Sect. VI we discuss our conclusions. Some
results regarding the spectral representation of nucleon three-point functions are collected
in an appendix.
II. AXIAL CHARGE VIOLATION IN THE FIELD OF AN INSTANTON
We would like to start by showing explicitly how the axial anomaly is realized in the
field of an instanton. This discussion will be useful for the calculation of the OZI violating
part of the axial-vector correlation function and the axial charge of the nucleon. The flavor
singlet axial-vector current in a gluon background is given by
Aµ(x) = Tr [γ5γµS(x, x)] (9)
where S(x, y) is the full quark propagator in the background field. The expression on the
right hand side of equ. (9) is singular and needs to be defined more carefully. We will employ
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a gauge invariant point-splitting regularization
Tr [γ5γµS(x, x)] ≡ lim
ǫ→0
Tr
[
γ5γµS(x+ ǫ, x− ǫ)P exp
(
−i
∫ x+ǫ
x−ǫ
Aµ(x)dx
)]
. (10)
In the following we will consider an (anti) instanton in singular gauge. The gauge potential
of an instanton of size ρ and position z = 0 is given by
Aaµ =
2ρ2
x2 + ρ2
xν
x2
Rabη¯bµν . (11)
Here, η¯aµν is the ’t Hooft symbol and R
ab characterizes the color orientation of the instanton.
The fermion propagator in a general gauge potential can be written as
S(x, y) =
∑
λ
Ψλ(x)Ψ
+
λ (y)
λ−m , (12)
where Ψλ(x) is a normalized eigenvector of the Dirac operator with eigenvalue λ, D/Ψλ(x) =
λΨλ(x). We will consider the limit of small quark masses. Expanding equ. (12) in powers
of m gives
S±(x, y) = −Ψ0(x)Ψ
+
0 (y)
m
+
∑
λ6=0
Ψλ(x)Ψ
+
λ (y)
λ
+m
∑
λ6=0
Ψλ(x)Ψ
+
λ (y)
λ2
+O(m2). (13)
Here we have explicitly isolated the zero mode propagator. The zero mode Ψ0 was found by
’t Hooft and is given by
Ψ0(x) =
ρ
π
1
(x2 + ρ2)3/2
γ · x√
x2
γ±φ. (14)
Here, φaα = ǫaα/
√
2 is a constant spinor and γ± = (1±γ5)/2 for an instanton/anti-instanton.
The second term in equ. (13) is the non-zero mode part of the propagator in the limit m→ 0
[17]
SNZ± (x, y) ≡
∑
λ6=0
Ψλ(x)Ψ
+
λ (y)
λ
= ~D/ x∆±(x, y)γ± +∆±(x, y)
←
D/ y γ∓ (15)
where Dµ = ∂µ − iAµ± and ∆±(x, y) is the propagator of a scalar field in the fundamental
representation. Equ. (15) can be verified by checking that SNZ± satisfies the equation of
motion and is orthogonal to the zero mode. The scalar propagator can be found explicitly
∆±(x, y) = ∆0(x, y)
1√
1 + ρ
2
x2
(
1 +
ρ2σ∓ · xσ± · y
x2y2
)
1√
1 + ρ
2
y2
, (16)
where ∆0 = 1/(4π
2∆2) with ∆ = x − y is the free scalar propagator. The explicit form of
the non-zero mode propagator can be obtained by substituting equ. (16) into equ. (15). We
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find
SNZ± (x, y) =
1√
1 + ρ
2
x2
1√
1 + ρ
2
y2
{
S0(x− y)
(
1 +
ρ2σ∓ · xσ± · y
x2y2
)
− ∆0(x− y)
x2y2
(
ρ2
ρ2 + x2
σ∓ · xσ± · γσ∓ ·∆σ± · yγ±
+
ρ2
ρ2 + y2
σ∓ · xσ± ·∆σ∓ · γσ± · yγ∓
)}
(17)
Here, S0 = −∆//(2π2∆4) denotes the free quark propagator. As expected, the full non-zero
mode propagator reduces to the free propagator at short distance. The linear mass term in
equ. (13) can be written in terms of the non-zero mode propagator
∑
λ6=0
Ψλ(x)Ψ
+
λ (y)
λ2
=
∫
d4zSNZ± (x, z)S
NZ
± (z, y) = −∆±(x, y)γ± −∆M± (x, y)γ∓, (18)
where ∆±(x, y) is the scalar propagator and ∆
M
± (x, y) = 〈x|(D2 + σ · G/2)−1|y〉 is the
propagator of a scalar particle with a chromomagnetic moment. We will not need the
explicit form of ∆M± (x, y) in what follows. We are now in the position to compute the
regularized axial current given in equ. (10). We observe that neither the free propagator nor
the zero mode part will contribute. Expanding the non-zero mode propagator and the path
ordered exponential in powers of ǫ we find
Tr [γ5γ
µS(x, x)] = ± 2ρ
2xµ
π2(x2 + ρ2)3
, (19)
which shows that instantons act as sources and sinks for the flavor singlet axial current. We
can now compare this result to the anomaly relation equ. (4). The divergence of equ. (19)
is given by
∂µAµ(x) = ±2ρ
2
π2
4ρ2 − 2x2
(x2 + ρ2)4
. (20)
The topological charge density in the field of an (anti) instanton is
g2
16π2
GaµνG˜
a
µν = ±
12ρ4
π2(x2 + ρ2)4
. (21)
We observe that the divergence of the axial current given in equ. (19) does not agree with the
topological charge density. The reason is that in the field of an instanton the second term
in the anomaly relation, which is proportional to mψ¯γ5ψ, receives a zero mode contribution
and is enhanced by a factor 1/m. In the field of an (anti) instanton we find
2mψ¯iγ5ψ = ∓ 4ρ
2
π2(x2 + ρ2)3
. (22)
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Taking into account both equ. (21) and (22) we find that the anomaly relation (4) is indeed
satisfied.
III. OZI VIOLATION IN AXIAL-VECTOR TWO-POINT FUNCTIONS
In this section we wish to study OZI violation in the axial-vector channel due to instan-
tons. We consider the correlation functions
Πjµν(x, y) = 〈jµ(x)jν(y)〉, (23)
where jµ is one of the currents
V aµ = ψ¯γµτ
aψ (ρ), V 0µ = ψ¯γµψ (ω),
Aaµ = ψ¯γµγ5τ
aψ (a1), A
0
µ = ψ¯γµγ5ψ (f1),
(24)
where in the brackets we have indicated the mesons with the corresponding quantum num-
bers. We will work in the chiral limit mu = md → 0. The iso-vector correlation functions
only receive contributions from connected diagrams. The iso-vector vector (ρ) correlation
function is
(Π3V )µν(x, y) = 2(P
con
V )µν(x, y) = −2〈Tr [γµS(x, y)γνS(y, x)]〉. (25)
The iso-singlet correlator receives additional, disconnected, contributions, see Fig. 1. The
iso-singlet vector (ω) correlator is given by
(Π0V )µν(x, y) = 2(P
con
V )µν(x, y) + 4(P
dis
V )µν(x, y) (26)
with
(P disV )µν(x, y) = 〈Tr [γµS(x, x)] Tr [γνS(y, y)]〉. (27)
The axial-vector correlation functions are defined analogously. At very short distance the
correlation functions are dominated by the free quark contribution Π3A = Π
0
A = Π
3
V = Π
0
V ∼
1/x6. Perturbative corrections to the connected correlators are O(αs(x)/π), but perturbative
corrections to the disconnected correlators are very small, O((αs(x)/π)
2). In this section we
will compute the instanton contribution to the correlation functions. At short distance, it is
sufficient to consider a single instanton. For the connected correlation functions, this calcu-
lation was first performed by Andrei and Gross [18], see also [19]. Disconnected correlation
function were first considered in [20] and a more recent study can be found in [21].
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In order to make contact with our calculation of the vector and axial-vector three-point
functions in the next section, we briefly review the calculation of Andrei and Gross, and
then compute the disconnected contribution. Using the expansion in powers of the quark
mass, equ. (13), we can write
(P conV )
µν
± (x, y) = (P
con
V )
µν
0 + A
µν
± +B
µν
± (28)
with
(P conV )
µν
0 = −Tr [γµS0(x, y)γνS0(y, x)] , (29)
Aµν± = −Tr
[
γµSNZ± (x, y)γ
νSNZ± (y, x)
]
− (P conV )µν0 (x, y), (30)
Bµν± = −2Tr
[
γµΨ0±(x)Ψ
+
0±(y)γ
ν∆±(y, x)γ±
]
. (31)
Using the explicit expression for the propagators given in the previous section we find
Aµν± =
ρ2hxhy
2π4∆4
{
Sµανβ
[
ρ2hxhy(2∆α∆β −∆2δαβ) + hy(yβ∆α + yα∆β)
−hx(xβ∆α + xα∆β)
]
∓ 2ǫµναβ(hy∆αyβ − hx∆βxα)
}
(32)
and
Bµν± = −
ρ2
π4∆2
h2xh
2
y
{
(x · y + ρ2)δµν − (yµxν − xµyν)∓ ǫµανβxαyβ
}
(33)
with hx = 1/(x
2+ ρ2), ∆ = x− y, and Sµανβ = gµαgνβ − gµνgαβ + gµβgαν. Our result agrees
with [18] up to a color factor of 3/2, first noticed in [22], a ’-’ sign in front of the epsilon
terms, which cancels after adding instantons and anti-instantons, and a ’-’ sign in front of
the 2nd term in Bµν . This sign is important in order to have a conserved current, but it does
not affect the trace P µµ. Summing up the contributions from instantons and anti-instantons
we obtain
(P conV )
µν(x, y) = 2
12Sµανβ∆α∆β
(2π2)2∆8
+
1
2π4
(hxhy)
2ρ2
[
−2Σ
2
∆4
∆µ∆ν +
2Σ ·∆
∆4
(Σµ∆ν +∆µΣν
−Σ ·∆gµν) + 2
∆2
(∆2gµν −∆µ∆ν −∆µΣν +∆νΣµ)
]
. (34)
This result has to be averaged over the position of the instanton. We find
2aµν =
∑
±
∫
d4zAµν± (x− z, y − z) = −
1
π2
[
∂2
∂∆µ∂∆ν
G(∆2, ρ) + 2G′(∆2, ρ)gµν
]
, (35)
2bµν =
∑
±
∫
d4zBµν± (x− z, y − z) =
1
π2
[
∂2
∂∆2
G(∆2, ρ) + 2G′(∆2, ρ)
]
gµν , (36)
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with
G′(∆2, ρ) =
∂G(∆2, ρ)
∂∆2
=
ρ2
∆4
[
−2ρ
2
∆2
ξ log
1− ξ
1 + ξ
− 1
]
(37)
and ξ2 = ∆2/(∆2 + 4ρ2). The final result for the single instanton contribution to the
connected part of the vector current correlation function is
δ(P conV )
µµ = (P conV )
µµ − 2(P conV )µµ0 =
24
π2
ρ4
∆2
∂
∂∆2
(
ξ
∆2
log
1 + ξ
1− ξ
)
≡ 24
π2
ρ4
∆2
F (∆, ξ), (38)
where we defined
F (∆, ξ) =
∂
∂∆2
(
ξ
∆2
log
1 + ξ
1− ξ
)
. (39)
The computation of the connected part of the axial-vector correlator is very similar. Using
equs. (30,31) we observe that the only difference is the sign in front of Bµν . We find
δ(P conA )
µµ = (P conA )
µµ − 2(P conA )µµ0 = −
1
π2
[
20∆2G′′ + 56G′
]
, (40)
with G′ given in equ. (37)
We now come to the disconnected part, see Fig. 2. In the vector channel the single in-
stanton contribution to the disconnected correlator vanishes [20]. In the axial-vector channel
we can use the result for Tr[γ5γ
µS(x, x)] derived in the previous section. The correlation
function is
(P disA )
µν(x, y) =
4ρ4(x− z)µ(y − z)ν
π4((x− z)2 + ρ2)3((y − z)2 + ρ2)3 . (41)
Summing over instantons and anti-instantons and integrating over the center of the instanton
gives
(P disA )
µν = 2
ρ4
2π2
∂2
∂∆µ∂∆ν
F (∆, ξ) (42)
and
(P disA )
µµ =
4ρ4
π2

2 dd∆2 +∆2
(
d
d∆2
)2
F (∆, ξ). (43)
We can now summarize the results in the vector singlet (ω) and triplet (ρ), as well as
axial-vector singlet (f1) and triplet (a1) channel. The result in the ρ and ω channel is
(Π3V )
µµ = (Π0V )
µµ = − 12
π4∆6
+ 2
∫
dρn(ρ)
24
π2
ρ4
∆2
F (∆, ξ). (44)
In the a1, f1 channel we have
(Π3A)
µµ = − 12
π4∆6
+
∫
dρn(ρ)
[
− 2
π2
(
20∆2G′′ + 56G′
)]
, (45)
(Π0A)
µµ = − 12
π4∆6
+
∫
dρn(ρ)
[
− 2
π2
(
20∆2G′′ + 56G′
)
+
16ρ4
π2
(
2F ′ +∆2F ′′
)]
. (46)
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In order to obtain a numerical estimate of the instanton contribution we use a very simple
model for the instanton size distribution, n(ρ) = n0δ(ρ − ρ¯), with ρ¯ = 0.3 fm and n0 =
0.5 fm−4. The results are shown in Fig. 3.
We observe that the OZI rule violating difference between the singlet and triplet axial-
vector correlation functions is very small and repulsive. We can also see this by studying
the short distance behavior of the correlation functions. The non-singlet correlators satisfy
(Π3V )
µµ = (Π3V )
µµ
0
{
1 +
π2x4
3
∫
dρn(ρ) + . . .
}
, (47)
(Π3A)
µµ = (Π3A)
µµ
0
{
1− π2x4
∫
dρn(ρ) + . . .
}
. (48)
As explained by Dubovikov and Smilga, this result can be understood in terms of the
contribution of the dimension d = 4 operators 〈g2G2〉 and 〈mq¯q〉 in the operator product
expansion (OPE). The OZI violating contribution
(ΠOZIA )
µµ = (Π0A)
µµ − (Π3A)µµ = −(Π3A)µµ0
(
4π2
45
x6
ρ2
)∫
dρn(ρ) (49)
is of O(x6) and not singular at short distance. Our results show that it remains small
and repulsive even if x > ρ. We also note that the sign of the OZI-violating term at
short distance is model independent. The quark propagator in euclidean space satisfies the
Weingarten relation
S(x, y)† = γ5S(y, x)γ5. (50)
This relation implies that Tr[S(x, x)γµγ5] is purely real. As a consequence we have
lim
x→y
{
Tr[S(x, x)γµγ5]Tr[S(y, y)γµγ5]
}
> 0. (51)
Since the path integral measure in euclidean space is positive this inequality translates into
an inequality for the correlation functions. In our convention the trace of the free correlation
function is negative, and equ. (51) implies that the interaction is repulsive at short distance.
The result is in agreement with the single instanton calculation.
We can also study higher order corrections to the single instanton result. The two-
instanton (anti-instanton) contributions is of the same form as the one-instanton result. An
interesting contribution arises from instanton-anti-instanton pairs, see Fig. 2. This effect
was studied in [23]. It was shown that the instanton-anti-instanton contribution to the
disconnected meson channels can be described in terms of an effective lagrangian
L = 2G
N2c
(ψ¯γµγ5ψ)
2 (52)
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with
G =
∫
dρ1dρ2(2πρ1)
2(2πρ2)
2
n(ρ1, ρ2)
8T 2IA
(53)
where n(ρ1, ρ2) is the tunneling rate for an instanton-anti-instanton pair and TIA is the
matrix element of the Dirac between the two (approximate) zero modes. We note that this
interaction is also repulsive, and that there is no contribution to the ω channel.
Numerical results for the vector meson correlation functions are shown in Figs. 3 and 4.
The correlation functions are obtained from Monte Carlo simulations of the instanton liquid
as described in [24, 25]. We observe that OZI violation in the vector channel is extremely
small, both in quenched and unquenched simulations. The OZI violating contribution to
the f1 channel is repulsive. In quenched simulations this contribution becomes sizable at
large distance. Most likely this is due to mixing with an η′ ghost pole. We observe that the
effect disappears in unquenched simulations. The pion contribution to the a1 correlator is
of course present in both quenched and unquenched simulations.
Experimentally we know that the ρ and ω, as well as the a1 and f1 meson, are indeed
almost degenerate. Both iso-singlet states are slightly heavier than their iso-vector partners.
To the best of our knowledge there has been only one attempt to measure OZI violating
correlation functions in the vector and axial-vector channel on the lattice, see [26]. Isgur
and Thacker concluded that OZI violation in both channels was too small to be reliably
measurable in their simulation.
IV. AXIAL VECTOR COUPLING OF A QUARK
In this section we wish to study the iso-vector and iso-singlet axial coupling of a single
quark. Our purpose is twofold. One reason is that the calculation of the axial-vector
three-point function involving a single quark is much simpler than that of the nucleon, and
that it is closely connected to the axial-vector two-point function studied in the previous
section. The second, more important, reason is the success of the constituent quark model
in describing many properties of the nucleon. It is clear that constituent quarks have an
intrinsic structure, and that the axial decay constant of a constituent quark need not be
close to one. Indeed, Weinberg argued that the axial coupling of a quark is (g3A)Q ≃ 0.8 [27].
Using this value of (g3A)Q together with the naive SU(6) wave function of the nucleon gives
the nucleon axial coupling g3A = 0.8 · 5/3 ≃ 1.3, which is a significant improvement over the
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naive quark model result 5/3. It is interesting to study whether, in a similar fashion, the
suppression of the flavor singlet axial charge takes place on the level of a constituent quark.
In order to address this question we study three-point functions involving both singlet
and triplet vector and axial-vector currents. The vector three-point function is
(ΠaV QQ)
αβ
µ (x, z, y) = 〈qα(x)V aµ (z)q¯β(y)〉. (54)
The axial-vector function (ΠaAQQ) is defined analogously. We should note that equ. (54) is
not gauge invariant. We can define a gauge invariant correlation function by including a
gauge string. The gauge string can be interpreted as the propagator of a heavy anti-quark,
see Fig. 6. This implies that the gauge invariant quark axial-vector three-point function is
related to light quark weak transitions in heavy-light mesons.
The spectral representation of vector and axial-vector three-point functions is studied in
some detail in the appendix. The main result is that in the limit that y4 ≫ z4 ≫ x4 the
ratio
Tr[(ΠaAQQ)3γ5γ3]
Tr[(ΠaV QQ)4γ4]
→ gA
gV
(55)
tends to the ratio of axial-vector and vector coupling constants, gA/gV . We therefore define
the following Dirac traces
(ΠaV QQ)
µν(x, z, y) = Tr[(ΠaV QQ)
µγν ], (56)
(ΠaAQQ)
µν(x, z, y) = Tr[(ΠaAQQ)
µγ5γ
ν ]. (57)
As in the case of the two-point function the iso-triplet correlator only receives quark-line
connected contributions, whereas the iso-singlet correlation function has a disconnected
contribution, see Fig. 5. We find
(Π3V QQ)
µν(x, z, y) = (P conV QQ)
µν(x, z, y) = 〈Tr[S(x, z)γµS(z, y)γν]〉 (58)
and
(Π0V QQ)
µν(x, z, y) = (P conV QQ)
µν(x, z, y)− 2(P disV QQ)µν(x, z, y) (59)
with
(P disV QQ)
µν(x, z, y) = 〈Tr[S(x, y)γµ]Tr[S(z, z)γν ]〉, (60)
as well as the analogous result for the axial-vector correlator.
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In the following we compute the single instanton contribution to these correlation func-
tions. We begin with the connected part. We again write the propagator in the field of
the instanton as SZM + SNZ + Sm where SZM is the zero-mode term, SNZ is the non-zero
mode term, and Sm is the mass correction. In the three-point correlation function we get
contribution of the type SNZSNZ , SZMSm and SmSZM
(P conA/V QQ)
µν = P µνNZNZ + cA/V (P
µν
ZMm + P
µν
mZM)
= Tr[SNZ(x, z)γµSNZ(z, y)γν ]
+cA/VTr[−Ψ0(x)Ψ+0 (z)γµ(−∆±(z, y)γ±γν ]
+cA/VTr[(−∆±(x, z)γ±)γµ(−Ψ0(z)Ψ+0 (y))γν], (61)
where the only difference between the vector and axial-vector case is the sign of ’ZMm’ and
’mZM’ terms. We have cA/V = ±1 for vector (axial vector) current insertions. The detailed
evaluation of the traces is quite tedious and we relegate the results to the appendix B.
Our main goal is the calculation of the disconnected correlation function, which is related
to OZI violation. In the single instanton approximation only the axial-vector correlator
receives a non-zero disconnected contribution
(P disAQQ)
µν = Tr[S(x, y)γ5γ
ν ]Tr[S(z, z)γ5γ
µ], (62)
see Fig. 7. We observe that the second trace is the axial-vector current in the field of an
instanton, see equ. (19). As for the first trace, it is easy to see that neither the zero mode part
of the propagator nor the part of SNZ proportional to the free propagator can contribute.
A straight-forward computation gives
Tr[S(x, y)γ5γ
ν ] = ∓ ρ
2
π2(x− y)2x2y2
xαyβ(x− y)σ√
(1 + ρ
2
x2
)(1 + ρ
2
y2
)
(
Sανσβ
ρ2 + x2
− S
ασνβ
ρ2 + y2
)
. (63)
Combined with equ. (19) we obtain
(P disAQQ)
µν = − 2ρ
4zµxαyβ(x− y)σ
π4(x− y)2x2y2(z2 + ρ2)3
1√
(1 + ρ
2
x2
)(1 + ρ
2
y2
)
(
Sανσβ
ρ2 + x2
− S
ασνβ
ρ2 + y2
)
, (64)
which has to be multiplied by a factor 2 in order to take into account both instantons and
anti-instantons.
Results for the vector and axial-vector three-point functions (Π3V QQ)
44(τ, τ/2, 0) and
(Π0,3AQQ)
33(τ, τ/2, 0) are shown in Fig. 8. We observe that the vector and axial-vector correla-
tion functions are very close to one another. We also note that the disconnected contribution
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adds to the connected part of the axial-vector three-point function. This can be understood
from the short distance behavior of the correlation function. The disconnected part of the
gauge invariant three-point function satisfies
lim
y,z→x
{
(ΠdisAQQ)
33(x, z, y)
}
= lim
x→z
{
Tr[S(x, x)γ3γ5]Tr[S(z, z)γ3γ5]
}
> 0. (65)
This expression is exactly equal to the short distance term in the disconnected f1 meson
correlation function. The short distance behavior of the connected three-point function, on
the other hand, is opposite in sign to the two-point function. This is related to the fact
that the two-point function involves one propagator in the forward direction and one in
the backward direction, whereas the three-point function involves two forward propagating
quarks. A similar connection between the interaction in the f1 meson channel and the flavor
singlet coupling of a constituent quark was found in a Nambu-Jona-Lasinio model [28, 29].
It was observed, in particular, that an attractive coupling in the f1 channel is needed in
order to suppress the flavor singlet (g0A)Q.
The same general arguments apply to the short distance contribution from instanton-
anti-instanton pairs. At long distance, on the other hand, we expect that IA pairs reduce
the flavor singlet axial current correlation function. The idea can be understood from Fig. 7,
see [3, 30, 31]. In an IA transition a left-handed valence up quark emits a right handed down
quark which acts to shield its axial charge. We have studied this problem numerically, see
Figs. 8-10. We find that in quenched simulations the flavor singlet axial three-point function
is significantly enhanced. This effect is analogous to what we observed in the f1 channel and
disappears in unquenched simulations. We have also studied the axial three-point function
at zero three-momentum ~q = 0. This correlation function is directly related to the coupling
constant, see App. A. We find that the iso-vector coupling is smaller than one, (g3A)Q ≃ 0.9,
in agreement with Weinberg’s idea. The flavor singlet coupling, on the other hand, is close
to one. We observe no suppression of the singlet charge of a constituent quark. We have
also checked that this result remains unchanged in unquenched simulations.
V. AXIAL STRUCTURE OF THE NUCLEON
In this section we shall study the axial charge of the nucleon in the instanton model. We
consider the same correlation functions as in the previous section, but with the quark field
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replaced by a nucleon current. The vector three-point function is given by
(ΠaV NN)
αβ
µ (x, y) = 〈ηα(0)V aµ (y)η¯β(x)〉. (66)
Here, ηα is a current with the quantum numbers of the nucleon. Three-quark currents with
the nucleon quantum numbers were introduced by Ioffe [32]. He showed that there are two
independent currents with no derivatives and the minimum number of quark fields that have
positive parity and spin 1/2. In the case of the proton, the two currents are
η1 = ǫabc(u
aCγµu
b)γ5γµd
c, η2 = ǫabc(u
aCσµνu
b)γ5σµνd
c. (67)
It is sometimes useful to rewrite these currents in terms of scalar and pseudo-scalar diquark
currents. We find
η1 = 2
{
ǫabc(u
aCdb)γ5u
c − ǫabc(uaCγ5db)uc
}
, (68)
η2 = 4
{
ǫabc(u
aCdb)γ5u
c + ǫabc(u
aCγ5d
b)uc
}
. (69)
Instantons induce a strongly attractive interaction in the scalar diquark channel
ǫabc(ubCγ5d
c) [15, 33]. As a consequence, the nucleon mainly couples to the scalar diquark
component of the Ioffe currents η1,2. This phenomenon was also observed on the lattice [34].
This result is suggestive of a model of the spin structure that is quite different from the
naive quark model. In this picture the nucleon consists of a tightly bound scalar-isoscalar
diquark, loosely coupled to the third quark [35]. The quark-diquark model suggests that the
spin and isospin of the nucleon are mostly carried by a single constituent quark, and that
gNA ≃ gQA .
Nucleon correlation functions are defined by ΠNαβ(x) = 〈ηα(0)η¯β(x)〉, where α, β are Dirac
indices. The correlation function of the first Ioffe current is
Παβ(x) = 2ǫabcǫa′b′c′ 〈
(
γµγ5S
cc′
d (0, x)γνγ5
)
αβ
Tr
[
γµS
aa′
u (0, x)γνC(S
bb′
u (0, x))
TC
]
〉. (70)
The vector and axial-vector three-point functions can be constructed in terms of vector and
axial-vector insertions into the quark propagator,
(ΓVµ )
aa′
f (x, y) = S
ab
f (0, y)γµS
ba′
f (y, x), (71)
(ΓAµ )
aa′
f (x, y) = S
ab
f (0, y)γµγ5S
ba′
f (y, x). (72)
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The three-point function is given by all possible substitutions of equ. (71) and (72) into the
two-point function. We have
(ΠaV NN)
αβ
µ (x, y) = 2ǫabcǫa′b′c′
〈
{
gdV
(
γργ5(Γ
V
µ )
cc′
d (x, y)γσγ5
)
αβ
Tr
[
γρS
aa′
u (0, x)γσC(S
bb′
u (0, x))
TC
]
+ 2guV
(
γργ5S
cc′
d (0, x)γσγ5
)
αβ
Tr
[
γρ(Γ
V
µ )
aa′
u (x, y)γσC(S
bb′
u (0, x))
TC
]
−
(
γργ5S
cc′
d (0, x)γσγ5
)
αβ
Tr
[
γρS
aa′
u (0, x)γσC(S
bb′
u (0, x))
TC
]
· Tr
[
guV γµS
dd
u (y, y) + g
d
V γµS
dd
d (y, y)
] }
〉,
(73)
where the first term is the vector insertion into the d quark propagator in the proton, the
second term is the insertion into the uu diquark, and the third term is the disconnected
contribution, see Fig. 11. The vector charges of the quarks are denoted by gfV . In the case
of the iso-vector three-point function we have guV = 1, g
d
V = −1 and in the iso-scalar case
guV = g
d
V = 1.
Vector and axial-vector three-point functions of the nucleon are shown in Figs. 12 and
13. In order to verify that the correlation functions are dominated by the nucleon pole
contribution we have compared our results to the spectral representation discussed in the
appendix, see Fig. 12. The nucleon coupling constant was determined from the nucleon
two-point function. The figure shows that we can describe the three-point functions using
the phenomenological values of the vector and axial-vector coupling constants. We have also
checked that the ratio of axial-vector and vector current three-point functions is independent
of the nucleon interpolating field for x > 1 fm. The only exception is a pure pseudo-scalar
diquark current, which has essentially no overlap with the nucleon wave function.
The main result is that the iso-vector axial-vector correlation function is larger than the
vector correlator. The corresponding ratio is shown in Fig. 13, together with the ratio of
~q = 0 correlation functions. We find that the iso-vector axial coupling constant is g3A =
1.28, in good agreement with the experimental value. We also observe that the ratio of
point-to-point correlation functions is larger than this value. As explained in the appendix,
this shows that the axial radius of the nucleon is smaller than the vector radius. Taking
into account only the connected part of the correlation function we find a singlet coupling
g0A = 0.79. The disconnected part is very small, g
0
A(dis) = −(0.02 ± 0.02). Assuming that
∆s ≃ ∆u(dis) = ∆d(dis) this implies that the OZI violating difference g8A − g0A is small.
This result does not change in going from the quenched approximation to full QCD.
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We have also studied the dependence of the results on the average instanton size, see
Fig. 14. We observe that there is a slight decrease in the iso-singlet coupling and a small
increase in the iso-vector coupling as the instanton size is decreased. What is surprising
is that the disconnected term changes sign between ρ = 0.3 fm and ρ = 0.35 fm. The
small value g0A(dis) = −(0.02 ± 0.02) obtained above is related to the fact that the phe-
nomenological value of the instanton size is close to the value where g0A(dis) changes sign.
However, even for ρ as small as 0.2 fm the disconnected contribution to the axial coupling
g0A(dis) = −(0.05± 0.02) is smaller in magnitude than phenomenology requires.
VI. CONCLUSIONS
The main issue raised by the EMC measurement of the flavor singlet axial coupling is
not so much why g0A is much smaller than one - except for the naive quark model there is
no particular reason to expect g0A to be close to one - but why the OZI violating observable
g0A − g8A is large. Motivated by this question we have studied the contribution of instantons
to OZI violation in the axial-vector channel. We considered the f1 − a1 meson splitting,
the flavor singlet and triplet axial coupling of a constituent quark, and the axial coupling
constant of the nucleon. We found that instantons provide a short distance contribution
which is repulsive in the f1 meson channel and adds to the gauge invariant flavor singlet
three-point function of a constituent quark. We showed that the sign of this term is fixed
by positivity arguments.
We computed the axial coupling constants of the constituent quark and the nucleon using
numerical simulations of the instanton liquid. We find that the iso-vector axial coupling
constant of a constituent quark is (g3A)Q = 0.9 and that of a nucleon is g
3
A = 1.28, in good
agreement with experiment. The result is also in qualitative agreement with the constituent
quark model relation g3A = 5/3 · (g3A)Q. The flavor singlet coupling of quark is close to one,
while that of a nucleon is suppressed, g0A = 0.77. However, this value is still significantly
larger than the experimental value g0A = (0.28 − 0.41). In addition to that, we find very
little OZI violation, ∆s ≃ ∆u(dis) ≃ −0.01. We observed, however, that larger values of
the disconnected contribution can be obtained if the average instanton size is smaller than
the phenomenological value of ρ ≃ 1/3 fm.
There are many questions that remain to be addressed. In order to understand what
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is missing in our calculation it would clearly be useful to perform a systematic study of
OZI violation in the axial-vector channel on the lattice. The main question is whether the
small value of g0A is a property of the nucleon, or whether large OZI violation is also seen
in other channels. A study of the connected contributions to the axial coupling constant
in cooled as well as quenched quantum QCD configurations was performed in [36]. These
authors find g0A(con) = ∆u(con)+∆d(con) ≃ 0.6 in both cooled and full configurations. The
disconnected term was computed by Dong et al. [37]. They find ∆u(dis)+∆d(dis) ≃ −0.24.
In the context of the instanton model it is important to study whether the results for g0A
obtained from the axial-vector current three-point function are consistent with calculations
of g0A based on the matrix element of the topological charge density GG˜ [38, 39, 40, 41].
It would also be useful to further clarify the connection of the instanton liquid model to
soliton models of the nucleon [42]. In soliton models the spin of the nucleon is mainly due
to the collective rotation of the pion cloud, and a small value for g0A is natural [43, 44].
The natural parameter that can be used in order to study whether this picture is applicable
is the number of colors, Nc. Unfortunately, a direct calculations of nucleon properties for
Nc > 3 would be quite involved. Finally it would be useful to study axial form factors of
the nucleon. It would be interesting to see whether there is a significant difference between
the iso-vector and iso-singlet axial radius of the nucleon. A similar study of the vector form
factors was recently presented in [45].
Acknowledgments: We would like to thank E. Shuryak for useful discussions. This work
was supported in part by US DOE grant DE-FG-88ER40388.
APPENDIX A: SPECTRAL REPRESENTATION
1. Nucleon Two-Point Function
Consider the euclidean correlation function
ΠαβN (x) = 〈ηα(0)η¯β(x)〉, (A1)
where ηα(x) is a nucleon current and α is a Dirac index. We can write
ΠαβN (x) = Π1(x)(xˆ · γ)αβ +Π2(x)δαβ . (A2)
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The functions Π1,2(x) have spectral representations
Π1(x) =
∫ ∞
0
ds ρ1(s)D
′(
√
s, x), (A3)
Π2(x) =
∫ ∞
0
ds ρ2(s)D(
√
s, x), (A4)
where ρ1,2(s) are spectral functions and
D(m, x) =
m
4π2x
K1(mx), (A5)
D′(m, x) = − m
2
4π2x
K2(mx), (A6)
are the euclidean coordinate space propagator of a scalar particle with mass m and its
derivative with respect to x. The contribution to the spectral function arising from a nucleon
pole is
ρ1(s) = |λ2N |δ(s−m2N ), ρ2(s) = |λ2N |mNδ(s−m2N ), (A7)
where λN is the coupling of the nucleon to the current, 〈0|η|N(p)〉 = λNu(p), and mN is the
mass of the nucleon. It is often useful to consider the point-to-plane correlation function
KαβN (τ) =
∫
d3xΠαβN (τ, ~x). (A8)
The integral over the transverse plane insures that all intermediate states have zero three-
momentum. The nucleon pole contribution to the point-to-plane correlation function is
KαβN (τ) =
1
2
(1 + γ4)
αβ |λN |2 exp(−mNτ). (A9)
2. Scalar Three-Point Functions
Next we consider three-point functions. Before we get to three-point functions of spinor
and vector currents we consider a simpler case in which the spin structure is absent. We
study the three-point function of two scalar fields φ and a scalar current j. We define
Π(x, y) = 〈φ(0)j(y)φ(x)〉. (A10)
The spectral representation of the three-point function is complicated and in the following
we will concentrate on the contribution from the lowest pole in the two-point function of
the field φ. We define the coupling of this state to the field φ and the current j as
〈0|φ(0)|Φ(p)〉 = λ, (A11)
〈Φ(p′)|j(0)|Φ(p)〉 = F (q2), (A12)
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where F (q2) with q = p−p′ is the scalar form factor. The pole contribution to the three-point
function is
Π(x, y) = λ2
∫
d4z D(m, y + z)F (z)D(m, x − y − z), (A13)
where D(m, x) is the scalar propagator and F (z) is the Fourier transform of the form factor.
In order to study the momentum space form factor directly it is convenient to integrate over
the location of the endpoint in the transverse plane and Fourier transform with respect to
the midpoint ∫
d3x
∫
d3y eiqy〈φ(0)j(τ/2, ~y)φ(τ, ~x)〉 = λ
2
(2m)2
exp(−mτ)F (q2). (A14)
The correlation function directly provides the form factor for spacelike momenta. Maiani
and Testa showed that there is no simple procedure to obtain the time-like form factor from
euclidean correlation functions [46].
Form factors are often parametrized in terms of monopole, dipole, or monopole-dipole
functions
FM(q
2) = FM(0)
m2V
Q2 +m2V
, (A15)
FD(q
2) = FD(0)
(
m2V
Q2 +m2V
)2
, (A16)
FMD(q
2) = FMD(0)
m21
Q2 +m21
(
m22
Q2 +m22
)2
, (A17)
with Q2 = −q2. For these parametrization the Fourier transform to euclidean coordinate
space can be performed analytically. We find
FM(x) = m
2
VD(x,mV ) (A18)
FD(x) = m
2
V
(
−x
2
D′(x,mV )−D(x,mV )
)
(A19)
FMD(x) =
m21m
4
2
m22 −m21
{
1
m22 −m21
(D(x,m1)−D(x,m2))
+
1
m22
(
x
2
D′(x,m2) +D(x,m2)
)}
. (A20)
We also consider three-point functions involving a vector current jµ. The matrix element is
〈Φ(p′)|jµ(0)|Φ(p)〉 = qµF (q2). (A21)
The pole contribution to the vector current three-point function is
Πµ(x, y) = λ
2
∫
d4z D(m, y + z)zˆµF
′(z)D(m, x− y − z), (A22)
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with F ′(z) = dF (z)/dz and zˆµ = zµ/|z|. For the parameterizations given above the deriva-
tive of the coordinate space form factor can be computed analytically. We get
F ′M(x) = m
2
VD
′(x,mV ) (A23)
F ′D(x) = −
m4V
2
D(x,mV ) (A24)
F ′MD(x) =
m21m
4
2
m22 −m21
{
1
m22 −m21
(D′(x,m1)−D′(x,m2))
+
x
2
D(x,m2)
}
. (A25)
3. Three-Point Functions involving nucleons and vector or axial-vector currents
Next we consider three-point functions of the nucleon involving vector and axial-vector
currents. The vector three-point function is
(ΠaV NN)
αβ
µ (x, y) = 〈ηα(0)V aµ (y)η¯β(x)〉. (A26)
The axial-vector three-point function is defined analogously. The nucleon pole contribution
involves the nucleon coupling to the current η and the nucleon matrix element of the vector
and axial vector currents. The vector current matrix element is
〈N(p′)|V aµ |N(p)〉 = u¯(p′)
[
F1(q
2)γµ +
i
2M
F2(q
2)σµνq
ν
]
τa
2
u(p), (A27)
where the form factors F1,2 are related to the electric and magnetic form factors via
GE(q
2) = F1(q
2) +
q2
4M2
F2(q
2), (A28)
GM(q
2) = F1(q
2) + F2(q
2). (A29)
The axial-vector current matrix element is
〈N(p′)|Aaµ|N(p)〉 = u¯(p′)
[
GA(q
2)γµ +
1
2M
GP (q
2)(p′ − p)µ
]
γ5
τa
2
u(p) (A30)
where GA,P are the axial and induced pseudo-scalar form factors.
We are interested in extracting the vector and axial-vector coupling constants gV = F1(0)
and gA = GA(0). In order to determine the vector coupling gV we study the three-point
function involving the four-component of the vector current in the euclidean time direction.
For simplicity we take y = x/2. We find that
(ΠV NN )
αβ
4 (x, x/2) = Π
1
V NN(τ)δ
αβ +Π2V NN (τ)(γ4)
αβ, (A31)
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where xµ = (~0, τ). The two independent structures Π
1,2
V NN are given by
Π1V NN (τ) = |λN |2
∫
d4y
{[
τ + 2y4
2x1
mD′(x1)D(x2) +
τ − 2y4
2x2
mD(x1)D
′(x2)
]
F1(y)
+
τ |~y|
x1x2
D′(x1)D
′(x2)
F ′2(y)
2m
}
, (A32)
Π2V NN (τ) = |λN |2
∫
d4y
{[
τ 2 − 4y24 + 4~y2
4x1x2
D′(x1)D
′(x2) +m
2D(x1)D(x2)
]
F1(y)
+ |~y|
[
m
x1
D′(x1)D(x2) +
m
x2
D′(x2)D(x1)
]
F ′2(y)
2m
}
, (A33)
where F1,2(y) are the Fourier transforms of the the Dirac form factors F1,2(q
2), and we have
defined x1 = (~y, τ/2 + y4) and x2 = (−~y, τ/2− y4).
In order to extract the axial-vector coupling we study three-point functions involving
spatial components of the axial-vector current. We choose the three-component of the
current and again take y = x/2 with xµ = (~0, τ). We find
(ΠANN )
αβ
3 (x, x/2) = Π
1
ANN (τ)(γ5)
αβ +Π2ANN (τ)(γ3γ5)
αβ +Π3ANN(τ)(γ3γ4γ5)
αβ , (A34)
with
Π1ANN(τ) = |λN |2
∫
d4y my3
[
τ + 2y4
2x1
D′(x1)D(x2)− τ − 2y4
2x2
D(x1)D
′(x2)
]
GA(y),(A35)
Π2ANN(τ) = |λN |2
∫
d4y
{[
τ 2 + 8y23 − 4y2
4x1x2
D′(x1)D
′(x2) +m
2D(x1)D(x2)
]
GA(y)
+
y23
|~y|
[
m
x1
D′(x1)D(x2) +
m
x2
D′(x2)D(x1)
]
G′P (y)
2m
}
, (A36)
where GA,P (y) are the Fourier transforms of the nucleon axial and induced pseudo-scalar
form factors.
These results are quite complicated. The situation simplifies if we consider three-point
functions in which we integrate all points over their location in the transverse plane. The
vector three-point function is
∫
d3x
∫
d3y (ΠV NN)
αβ
4 (τ, ~x; τ/2, ~y) =
gV
2
(1 + γ4)
αβ|λN |2 exp(−mNτ), (A37)
where gV = F1(0) is the vector coupling. Note that the three-point function of the spatial
components of the current vanishes when integrated over the transverse plane. The axial-
vector three-point function is
∫
d3x
∫
d3y (ΠANN)
αβ
3 (τ, ~x; τ/2, ~y) =
gA
2
((1 + γ4)γ3γ5)
αβ |λN |2 exp(−mNτ), (A38)
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where gA = GA(0) is the axial-vector coupling. In the case of the axial-vector current the
three-point function of the time component of the current vanishes when integrated over
the transverse plane. This is why we consider three-point function involving the spatial
components of the axial current.
4. Phenomenology
In Fig. 15 we show the nucleon pole contribution to the vector and axial-vector three-point
functions. We have used the phenomenological values of the isovector coupling constants
GE(0) = 1, GM(0) = 4.7,
GA(0) = 1.25, GP (0) =
4M2
m2
pi
gA.
(A39)
We have parametrized GE,V and GA by dipole functions with mV = 0.88 GeV and mA = 1.1
GeV. The induced pseudoscalar form factor is parametrized as a pion propagator multiplied
by a dipole form factor with dipole mass mA.
We observe that at distances that are accessible in lattice or instanton simulations, x ∼
(1 − 2) fm, the typical momentum transfer is not small and the correlation function is
substantially reduced as compared to the result for a point-like nucleon. We also observe
that the F2 and GP form factors make substantial contributions. Fig. 16 shows that the
ratio of the axial-vector and vector correlation functions is nevertheless close to the value for
a point-like nucleon, gA/gV ≃ 1.25. We observe that the ratio of point-to-point correlation
functions approaches this value from above. This is related to the fact that the axial radius
of the nucleon is smaller than the vector radius. As a consequence, the point-to-point
correlation function at finite separation τ “sees” a larger fraction of the axial charge as
compared to the vector charge.
APPENDIX B: INSTANTON CONTRIBUTION TO QUARK THREE-POINT
FUNCTIONS
In this appendix we provide the results for the traces that appear in the single instanton
contribution to the quark three-point function. Our starting point is the expression
(P conA/V QQ)
µν = P µνNZNZ + cA/V (P
µν
ZMm + P
µν
mZM) , (B1)
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see equ. (61). Due to the Dirac structure of the non-zero mode part of the propagator, the
NZNZ term is the same for both the vector and axial-vector correlation functions. It has
4 parts stemming from combinations of the two terms of non-zero mode propagator equ. 17
P µνNZNZ11 =
2H(x, z, y)(x− z)α(z − y)β
π4(x− z)4(z − y)4 S
ναµβ
[
1 +
ρ2
z2
(
x · z
x2
+
z · y
y2
)
+
ρ4x · y
x2z2y2
]
, (B2)
P µνNZNZ12 =
H(x, z, y)(x− z)αyβ
2π4(x− z)4(z − y)2z2y2 [(z
α0 +
ρ2
x2
xα0)Sα0σσ0β ± ρ
2
x2
xα0ǫα0σσ0β ]
×
[
ρ2(z − y)σ0
ρ2 + z2
(Sναµσ ± ǫναµσ) + ρ
2(z − y)σ
ρ2 + y2
(Sναµσ0 ∓ ǫναµσ0)
]
, (B3)
P µνNZNZ21 =
H(x, z, y)(z − y)αxβ
2π4(x− z)2(z − y)4z2x2 [(z
α0 +
ρ2
y2
yα0)Sβσσ0α0 ± ρ
2
y2
yα0ǫβσσ0α0 ]
×
[
ρ2(x− z)σ0
ρ2 + x2
(Sνσµα ± ǫνσµα) + ρ
2(x− z)σ
ρ2 + z2
(Sνσ0µα ∓ ǫνσ0µα)
]
, (B4)
P µνNZNZ22 =
H(x, z, y)xα0yβ
4π4(x− z)2(z − y)2z2y2x2
ρ4
(ρ2 + z2)
[
(x− z)σ(z − y)σ1
(ρ2 + x2)
(Sναµα1 ± ǫναµα1)
+
(x− z)α(z − y)α1
(ρ2 + y2)
(Sνσµσ1 ∓ ǫνσµσ1)
]
T±[α0, α, σ, α1, σ1, β], (B5)
where
H(x, z, y) =


(
1 +
ρ2
z2
)√√√√(1 + ρ2
x2
)(
1 +
ρ2
y2
)

−1
(B6)
and the Dirac trace T± is defined as
T∓[µ, 2, 3, 4, 5, 6] ≡
[(
gµ2S3456 − gµ3S2456 + gµ4S2356 − gµ5S2346 + gµ6S2345
)
∓
(
gµ2ǫ3456 − gµ3ǫ2456 + g23ǫµ456 + g45ǫµ236 − g46ǫµ235 + g56ǫµ234
)]
, (B7)
where 2, 3, . . . is short for µ2, µ3, . . .. The SZMSm term is easily seen to be
P µνZMm = Tr[−Ψ0(x)Ψ+0 (z)γµ(−∆±(z, y)γ±)γν ]
=
ϕ(x)ϕ(z)xα0zβ0
8π2(z − y)2
1√
(1 + ρ
2
z2
)(1 + ρ
2
y2
)
T∓[α0, σ1, σ, β0, µ, ν]
×
[
δσ1,σ +
ρ2zαyβ
z2y2
(Sσ1σαβ ± ǫσ1σαβ)
]
(B8)
with ϕ(x) = ρ/(π
√
x(x2 + ρ2)3/2). The SmSZM term is obtained similarly
P µνmZM = Tr[(−∆±(x, z)γ±)γµ(−Ψ0(z)Ψ+0 (y))γν]
=
ϕ(z)ϕ(y)zα0yβ0
8π2(x− z)2
1√
(1 + ρ
2
x2
)(1 + ρ
2
z2
)
T∓[α0, σ1, σ, β0, ν, µ]×
×
[
δσ1,σ +
ρ2xαzβ
x2z2
(Sσ1σαβ ± ǫσ1σαβ)
]
. (B9)
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For all the above formulas, we need to add instanton and anti-instanton contribution and
integrate over the position of the instanton, which was suppressed above. As usual, for an
instanton at position zI we have to shift x, y, z according to x→ (x− zI), etc.
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FIG. 1: Quark line diagrams that contribute to the vector and axial-vector two-point function
in the iso-vector and iso-singlet channel. The solid lines denote quark propagators in a gluonic
background field. The two diagrams show the connected and disconnected contribution.
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FIG. 2: Instanton contributions to the disconnected axial-vector correlation function. The
left panel shows the single-instanton (non-zero mode) contribution. The right panel shows the
instanton-anti-instanton (fermion zero mode) contribution.
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FIG. 3: Correlation functions in the ρ, ω, a1 and f1 channel. All correlation functions are nor-
malized to free field behavior. The data points show results from a numerical simulation of the
random instanton liquid. The dashed lines show the single instanton approximation.
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FIG. 4: Correlation functions in the ρ, ω, a1 and f1 channel. All correlation functions are nor-
malized to free field behavior. The data points show results from unquenched simulations of the
instanton liquid model.
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FIG. 5: Quark line diagrams that contribute to the vector and axial-vector three-point function of
a constituent quark. The solid lines denote quark propagators in a gluonic background field. The
two diagrams show the connected and disconnected contribution.
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FIG. 6: Physical interpretation of the gauge invariant axial-vector three-point function of a quark
in terms of a weak light-quark transition in a heavy-light Q¯q meson.
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FIG. 7: Instanton contributions to the disconnected axial-vector three-point correlation function
of a quark. The left panel shows the single-instanton (non-zero mode) contribution. The right
panel shows the instanton-anti-instanton (fermion zero mode) contribution.
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FIG. 8: Axial and vector three-point functions of a quark as a function of the separation between
the two quark sources. The correlation functions are normalized to free field behavior. The data
points show results from numerical simulations of the instanton liquid and the dashed lines show
the single instanton approximation.
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FIG. 9: Axial and vector three-point functions of a quark as a function of the separation between
the two quark sources. The data points show results from an unquenched instanton simulation.
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FIG. 10: Ratio of axial-vector to vector correlation functions of a constituent quark calculated
in the instanton liquid model. The open points show point-to-point correlation functions while
the solid point is the zero momentum (point-to-plane) limit. The figure shows the iso-vector and
iso-singlet correlation functions.
31
g A
d
g A
u
g A
u,d
FIG. 11: Quark line diagrams that contribute to the axial-vector three-point function of the proton.
The solid lines denote quark propagators in a gluonic background field. The lines are connected
in the same way that the Dirac indices of the propagators are contracted. The iso-vector and
iso-singlet correlation functions correspond to guA = −gdA = 1 and guA = gdA = 1, respectively. The
disconnected diagram only contributes to the iso-scalar three-point function.
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FIG. 12: Vector, axial-vector three-point functions of the nucleon and nucleon two-point function
calculated in the instanton liquid model. All correlation functions are normalized to free field
behavior. The results are compared to a simple pole fit of the type discussed in the appendix.
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FIG. 13: Ratio of axial-vector to vector correlation functions of the nucleon calculated in the
instanton liquid model. The open points show point-to-point correlation functions while the solid
point is the zero momentum (point-to-plane) limit. The figure shows the iso-vector, connected
iso-singlet, and full iso-singlet axial-vector correlation functions.
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FIG. 14: Axial coupling constants of the nucleon as a function of the instanton size ρ with the
instanton density fixed at (N/V ) = 1 fm−4. We show the iso-vector, connected iso-singlet, and full
iso-singlet axial coupling constant.
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FIG. 15: Nucleon pole contribution to the vector (upper panel) and axial-vector (lower panel)
nucleon three-point function. The solid line shows the complete results, the dashed line is the
contribution from the F1 and GA form factors only, and the dash-dotted line corresponds to a point-
like nucleon. We have used a nucleon coupling constant λ = 2.2 fm−3 as well as phenomenological
values for the form factors and coupling constants.
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FIG. 16: Ratio of the phenomenological parameterizations of the axial-vector and vector three-
point functions. We have added a short distance continuum contribution to the nucleon pole terms.
The curves are labeled as in the previous figure. Note that both the solid and the dashed line will
approach gA = 1.25 as x → ∞. Also note that the solid line is in very good agreement with the
instanton calculation shown in Fig. 13.
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